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$\mathcal{H}$ : a separable Hilbert space over C.
$M(\mathcal{H})$ denotes a space of all bounded linear operators on $\mathcal{H}$ .
$U(\mathcal{H})$ denotes a space of all unitary operators on $\mathcal{H}$ .
Stiefel Manifold :
$si_{m}(\mathcal{H})\equiv\{V=(v_{1}, \cdots, v)m\in \mathcal{H}\cross\cdots \mathrm{X}\mathcal{H}|V\dagger_{V}1_{m}=\}$
where $1_{m}$ is aunit matrix in $M(m, \mathrm{C})$ .
Grassmann Manifold :
$Gr_{m}(\mathcal{H})\equiv$ {$X\in M(\mathcal{H})|x^{2}=X,x\dagger=X$and $\mathrm{t}\mathrm{r}X=m$}
Projection
$\pi$ : $St_{m}(\mathcal{H})arrow Gr_{m}(\mathcal{H})$ , $\pi(V)\equiv VV^{\dagger}$
$U(m)$ $St_{m}(\mathcal{H})$ :
$St_{m}(\mathcal{H})\cross U(m)arrow St_{m}(\mathcal{H}):(V, a)-*Va$
$\pi(V)=VV\dagger--x$
$\pi^{-1}(X)=\{VA|A\in U(m).\}\cdot\cong U(m)$
$\{U(m), St_{m}(H), \pi, Gr_{m}(\mathcal{H})\}$
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$Gr_{m}(\mathcal{H})$ principal $U(m)$.-bundle $\circ$
$\mathrm{M}$ : manifold, $P:Marrow Gr_{m}(\mathcal{H})$ (a projector) given
Pull-back bundle :





$M$ $arrow P$ $Gr_{m}(\mathcal{H})$
Non Abelian Berry Connection and Curvature
$\mathcal{M}$ : parameter space
$\mathcal{M}\ni\lambda$ , $\lambda_{0}$ : areference point
$\{H_{\lambda}\}_{\lambda\in\Lambda 4}$ : a family of Hamiltonians
$H_{\lambda_{0}}$ : a reference Hamiltonian
$\mathcal{H}$ : Hamiltonian $H_{\lambda_{0}}$ ilbert space (over C)
$H_{\lambda}(\lambda\in \mathcal{M})$ no-level crossing
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$\mathcal{U}$ : $\mathcal{M}\frac{\backslash }{},$ $U(\mathcal{H})$ and $\mathcal{U}(\lambda_{0})=\mathrm{i}\mathrm{d}\mathrm{e}$nti-ty
$H_{\lambda}$ isospectral.,
$H_{\lambda}=\mathcal{U}(\lambda)H\lambda 0\mathcal{U}(\lambda)\dagger$ for $\lambda\in \mathcal{M}$
$\epsilon(\lambda_{0})$ : $H_{\lambda_{\text{ }} }$ ( )
( $n$ )
$\{\tilde{v}_{1}, \cdots,\tilde{v}_{j}, \cdots,\tilde{v}_{n}\}$ : \epsilon (\mbox{\boldmath $\lambda$}0) .,
$H_{\lambda_{0}}\tilde{v}_{j}=\epsilon(\lambda 0)\tilde{v}_{j}$ $1\leq j\leq n$
$\tilde{v}_{1},$ $\cdots,\tilde{v}_{j},$ $\cdots,\tilde{v}_{n}$ vector space
$E(\lambda_{0})\equiv Vect\{\tilde{v}1, \cdots,\tilde{v}j, \cdots,\tilde{v}_{n}\}$
$H_{\lambda_{\text{ }}}$ $\epsilon(\lambda_{0})$ $E_{0}=E(\lambda_{0})$
$H_{\lambda}$ $\epsilon(\lambda_{0})$ $E_{\lambda}=\mathcal{U}(\lambda)E(\lambda_{0})$
$E_{0}=E(\lambda_{0})$ $0.\mathrm{n}$ . base
$V0=(v_{1,n}\ldots, v)$






Projector $P$ : $\mathcal{M}arrow Gr_{n}(\mathcal{H})$
$P( \lambda)=U(\lambda)(\sum^{n}v_{jj}vj=1\dagger)U(\lambda)\dagger$
Pull-back bundle :
$(U(n), E, \pi p,\mathcal{M})=P^{*}(U(n), Stn(\mathcal{H}),$ $\pi,$ $Grn(\mathcal{H}))$
Fiber at $\lambda$ :
$F|_{\lambda}=\{U(\lambda)V|V\in\overline{E}(\lambda 0)\}$
$=\{U(\lambda)V_{0}A|A\in U(n)\}$
$s$ : cross section
$s:\mathcal{M}arrow E$ , $\pi_{E^{\mathrm{O}S=}\mathcal{M}}\mathrm{i}\mathrm{d}$
$\Gamma(E)$ : $E$ cross sections ( )






$s(\lambda)=(\lambda, V(\lambda))$ $\lambda\in \mathcal{M}$
pull-back bundle connection form $A$
$A(\lambda)\equiv V(\lambda)\dagger dV(\lambda)=V_{0}\dagger(U(\lambda)\dagger dU(\lambda))V0$
$d$ $\mathcal{M}$ curvature form $\mathcal{F}$
$\mathcal{F}=dA+A\wedge A$








$L(\mathcal{M})$ : Loop Space of $\mathcal{M}$ at $\lambda_{0}.$ ,
$L(\mathcal{M})=\{\gamma:[0,1]arrow \mathcal{M}|\gamma(\mathrm{o})=\gamma(1)=\lambda_{0}\}$
connection form $A$ holonomy operator
$\overline{O}$ : $L(\mathrm{A}4)arrow Aut(\Gamma(E))$
$\overline{O}(\gamma)\Psi=\Psi \mathrm{p}\mathrm{e}^{\oint_{\gamma}A}$ , $\mathcal{P}\mathrm{e}^{\oint_{\gamma}A}\in \mathrm{U}(\mathrm{n})$ and $\Psi\cdot=(\psi_{1}, \cdots, \psi_{\mathrm{n}})$
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$Hol(A)=\{e^{\oint_{\gamma}A}|\gamma\in L(\mathcal{M})\}$
holonomy group $Hol(A)\subset U(n)$
$H_{\mathit{0}}l(A)=U(n)$ $A\# 2$:irreducible
$(U(n), E, \pi_{E}, \mathcal{M})$
Principal $U(n)$ -bundle Vector bundle
$(\mathrm{C}^{n},\tilde{E}, \pi_{\tilde{E}}, \mathcal{M})$
Quantum Computational Vector Bundle
bundle $\lambda_{0}$










$\{a, a\dagger\}$ : a harmonic oscillator
$[a, a]=0=[aa]\dagger,\dagger$ , $[a, a^{\dagger}]=1$
$N\equiv aa\dagger$ : number operator
$\mathcal{H}=\mathrm{F}_{\mathrm{o}\mathrm{C}}\mathrm{k}\{|\mathrm{n}\rangle|\mathrm{n}=0,1,2, \cdots\}$
Action of $a,$ $a\dagger$ on $\mathcal{H}$ :
A reference Hamiltonian
$H_{0}=XN(N-1)$ , $X$ is aconstant
Eigenspace to $0$-eigenvalue (l-qubit)
$\mathrm{v}_{\mathrm{e}\mathrm{c}\mathrm{t}}\{|0\rangle, |1\rangle\}\cong \mathrm{C}^{2}$






$U(\alpha)$ is unitary coherent operators based on abelian Lie algebra $\mathrm{C}$
$V(\beta)$ is unitary coherent operators based on Lie algebra $su(1,1)$
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In this case
$\mathcal{M}=\{(\alpha,\beta)\in \mathrm{C}\cross \mathrm{C}\}\ni(0,0)$ :areference point,
$|vac\rangle\equiv V0=(|\mathrm{o}\rangle, |1\rangle)$ .
As to calculations of connection forms $\{A_{\mu}\}$ and curvature ones $\{F_{\mu\nu}\}$ see
[3] and [6].
Remark Let us explain $\mathrm{C}$ and $su(1,1)$ :
(a) $\mathrm{C}-$ algebra
$[N, a]\dagger=a\dagger,$ $[N, a]=-a,$ $[aa]\dagger,---1$
(b) $su(1,1)$-algebra
$K_{+}= \frac{1}{2}(a)^{2}\dagger,$ $K_{-}= \frac{1}{2}a^{2},$ $K_{3}= \frac{1}{2}$ (a $a+ \frac{1}{2}$ )
then
$[K_{3}, K_{+}]=K_{+},$ $[K_{3}, K_{-}]=-K_{-},$ $[K_{+}, K_{-}]=-2K_{3}$
Simple Example 2
$\{a_{1}, a_{1}a2, a_{2}\dagger,\dagger\}$ : 2-harmonic oscillators
$[a_{i}, a_{j}]=0=[a_{i}a_{j}]\dagger,\dagger$ , $[a_{i}, a_{j^{\dagger}}]=\delta_{ij}$
$N_{i}\equiv a_{i}a_{i}\dagger$ : number operators
A reference Hamiltonian
$H_{0}=X \sum_{i=1}N_{i}(2Ni-1)$ , $X$ is aconstant
Eigenspace to $0$-eigenvalue (2-qubits)
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$\mathrm{V}\mathrm{e}\mathrm{c}\mathrm{t}\{|\mathrm{o}, \mathrm{o}\rangle, |0,1\rangle, |1,0\rangle, |1,1\rangle\}\cong \mathrm{C}^{2}\otimes \mathrm{C}^{2}$
A family of Hamiltonians





$U(\lambda)$ is unitary coherent operators based on Lie algebra $su(2)$
$V(\mu)$ is unitary coherent operators based on Lie algebra $su(1,1)$
In this case
$\mathcal{M}=\{(\lambda, \mu)\in \mathrm{C}\cross \mathrm{C}\}\ni(0,0)$ :areference point,
$|vac\rangle\equiv V_{0}=(|0,0\rangle, |0,1\rangle, |1,0\rangle, |1,1\rangle)$ .
As to calculations of connection forms $\{A_{\mu}\}$ and curvature ones $\{F_{\mu\nu}\}$ see
[4] and [6].
Remark Let us explain $su(2)$ and $su(1,1)$ :
(a) $su(2)$-algebra
$J_{+}=a_{1}a_{2}\dagger,$ $J_{-}=a_{2}a_{1}\dagger,$ $J_{3}= \frac{1}{2}(a_{1122}a)\dagger_{a-}\dagger_{a}$
then
$[J_{3}, J_{+}]=J_{+},$ $[J_{3}, J_{-}]=-J_{-},$ $[J_{+}, J_{-}]=2J_{3}$
(b) $su(1,1)$-algebra
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$K_{+}=a_{1}a\dagger\dagger 2,$ $K_{-}=a_{2}a_{1},$ $K_{3}= \frac{1}{2}(a_{1}a_{1}\dagger+a_{2}a_{2}\dagger+1)$
then
$[K_{3}, K_{+}]=K+,$ $[K_{3}, K_{-}]=-K_{-},$ $[K_{+}, K_{-}]=-2K_{3}$
Simple Example (General Case)
$\{a_{1}, a_{1}\dagger, \cdots,\dagger a_{n}, a_{n}\}$ : $n$-harmonic oscillators
$[a_{i}, a_{j}]=0=[a_{i}^{\uparrow}, a_{j^{\dagger}}]$ , $[a_{i}, a_{j^{\dagger}}]=\delta_{ij}$
$N_{i}\equiv a_{i}a_{i}$ :$\dagger$ number operators
A reference Hamiltonian
$H_{0}=X \sum_{i=1}Ni(Ni-1)$ , $X$ is a constant
Eigenspace to $0$-eigenvalue ($n$-qubits)
$\mathrm{V}\mathrm{e}\mathrm{C}\mathrm{t}\{|\mathrm{o}, \cdots, \mathrm{o}, \mathrm{o}\rangle, |0, \cdots, \mathrm{o}, 1\rangle, \cdots, |1, \cdots, 1, \mathrm{o}\rangle, |1, \cdots, 1,1\rangle\}$





$U( \lambda)=\prod^{1}arrow j=1n-U(\lambda j)$ , $V( \not\supset)=\prod_{j=1}^{n-}V(1\mu_{j})$ .





$U(\lambda)arrow$ is unitary coherent operators based on Lie algebra $su(n)$
$V(\not\supset)$ is unitary coherent operators based on Lie algebra $su(n-1,1)$
In this case
$\mathcal{M}=\{(\lambda_{1}, \lambda_{2}, \cdots, \lambda n-1, \mu_{1}, \mu 2, \cdots, \mu n-1)\in \mathrm{C}\cross \mathrm{C}\cross\cdots\cross \mathrm{c}\}$
$\ni(0,0, \cdots, \mathrm{o})$ : a reference point,
$|vac\rangle\equiv V0=(|0, \cdots, 0, \mathrm{o}\rangle, |0, \cdots, 0,1\rangle, \cdots, |1, \cdots, 1, \mathrm{o}\rangle, |1, \cdots, 1,1\rangle)$
As to calculations of connection forms $\{A_{\mu}\}$ and curvature ones $\{F_{\mu\nu}\}$ see
[5].
[1] P.Zanardi and M.Rasetti :
Holonomic Quantum Computation,
Phys. Lett. A264 , 94-99, 1999, quant-ph 9904011.
[2] J.Pachos, P.Zanardi and M.Rasetti:
Non-Abelian Berry Connections for Quantum Computation,
to appear in Phys. Rev. $\mathrm{A}$ , quant-ph 9907103.
[3] K.Fujii:
Note on Coherent States and Adiabatic Connections, Curvatures,
Jour. Math. Phys. 41, 4406-4412, 2000, quant-ph 9910069.
[4] K.Fujii:
Mathematical Foundations of Holonomic Quantum Computer,





More on Optical Holonomic Quantum Computer,
quant-ph 0005129.
[6] J.Pachos and S.Chountasis :
Optical Holonomic Quantum Computer,
quant-ph 9912093.
14
